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SUMMARY

A class of estimators for ratio of two population mean of study variables using the knowledge of population mean of an
auxiliary variable is proposed, its bias and mean square error are found. A sub-class of optimum estimators in the sense of
having minimum mean square error is found and enhancing the practical utility, a sub-class of estimators depending on estimated
optimum value based on sample observations is also investigated in the presence of non-response.
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1. INTRODUCTION

Let y, and y, be the two study variables of interest
with their population means ¥, and Y, respectively and
x be the auxiliary variable with known population mean
X. For the case of non-response in sample survey, the
procedure of sub-sampling the non-respondents was
suggested by Hansen and Hurwitz (1946). Let n be the
size of the simple random sample without replacement
drawn from the population of size N where n, of
selected 7 units respond and n, sample units do not
respond.

From the non-response units, | = %, k >1 | units

are selected by making extra efforts and thus giving
n, +r observations on the study variables y, and y, in
place of n. For y, and 7y, being the sample means
based on 7, units and i) and Y55, being the sample
means based on 7 units, Hansen and Hurwitz (1946)
using n, + r observations on the y. character gave the
unbiased estimator of population mean given by y: as
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— m_ n _,
Yi =it Vi) (1.1)
n n
which has its variance to be
—k _(l_f) 2 WZ(k_l) 2
Var(y)=—=S8; +———5,, (12
where f=--, W, =&, (i=1,2)and §2 and Si.(z),
N N Vi

(i=1, 2) are the variances for the whole population and
for the non-response group of the population
respectively.

With X being known and incomplete information
on y, and y,, Hansen and Hurwitz (1946) conventional
ratio estimator becomes

A, yl*)?
Ry==— 1.3
o (1.3)

where ¥ =% +QX62) with % and X being the
n n

sample means based on n, and r observations
respectively. Further, when X known and incomplete
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information on y, and y,, Khare and Srivastava (1997)
transformed ratio type estimator becomes

~ V(X+L

R =22 (_* ) (1.4)
n(x +L)

where L is a positive constant.

Also, some other ratio type estimators may be
given as

I’é* — W(7+L)

— 1.5
) (1.3)
(Y
==L = 16
yz(X) (1.6)
e 4T
Rf’;:[Z—l*Jea(X J (1.7)
Y2
N W (7"—)6}
R5=:{1+Ot? 18
5 X (1.8)
~ [ -
R’6—(:)+a(x X) (1.9)
Y2

R Z(E}FI(ET_I} (1.10)
B) X

5 _ T +a X))
Ry =122 (1.11)
Y2
Seeing the forms of the estimators from (1.3) to
(1.11), we define a generalized class of estimators as a
function Ii’; =g(y/,y,,x") satisfying the validity
conditions of Taylor’s series expansion such that

(i) gV, Y5, X)=R
.o a (_*’ _*’7*) 1
(i) glzgle{z L
N P-(%,7,X) 2
ag(y', v5,x%) Y, 1.12
(iii) g, = 28 yla_zz St (1.12)
Y2 p- %) D
: og(3, y>, %)
(iv) go = 8 )’18_)*’2
X P=(1, 72, X)

It may be mentioned here that all estimators listed
from (1.3) to (1.11) belong to the generalized class R,
of estimators; hence, their results may be easily

obtained as the special cases directly from the
generalized class R, of estimators.

2. BIAS AND MEAN SQUARE ERROR
Let us define,
g =7-1), ¢,=(y,-Y,), e, =(x — X) so that

E(é) = E(é})= E(¢}) =0 and

B = (N]\;ln) S§2 + (k ;\,lr)lNz S§2(2),
E(é))= (NA;I”) 52+ ;VBN 252,
E(cel) = (NN— n) Syt (k ;V12N2 Sy -
E(eey) = (NN_nn) Sypet (k- DN, Syx()>
Eefeyy =N KD Sy

Nn a2 Nn

where S2 and S, are the variances of x for the whole

population and for the non-response group of the
population respectively, S}, and S7 ), (i=1,2)are
respectively the covariances between y,, (i = 1, 2) and
x for the whole population and for the non-response
group of the population, and § , and Sy1y2(2) are
respectively the covariances between y, and y, for the
whole population and for the non-response group of the
population.

Expanding ﬁ; =g(y,y5,x ) about the point

P= (171 ,172, X ) in third order Taylor’s series, we have
Ry =5, X)+( —H)gi+ (3 —H)gr + (¥ = X)go
1 e v \2 — vV \2 —k v \2
+5{()’1 “Nren+(n - gn+( —X) g

200 ~DE = X) 810 +2(35 ~ HL)E - X) g20

20 - 171)@5k - I72)&’12}
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3
1 — 0 ., =0 - 0
+—-N—=+H-H)—=+E" -X)—
30 N 1 ail Yo —1Ip 8y2 Ere
Where glzag(ylv)?’-x ):| :é’
i P=(11.1.X) h
g2=ag<ﬁ*,7;,r*>} _ K
— v2°
972 p-inx) 12
Ozag@*,ﬁ,f")}
N Lpeinx
_ azg(ﬁ*,i;‘,fﬂ} o
811 = 2 =Y,
N P=(1.12.X)
o, = 20137 2%
) v3 '’
9%, AP=(1.1.X) 0
_0%8(37., 35, %) |
800 —? ,
X Jp=(#.1.X)
Jyy 0% IP=(.15.X)
Jy,0% AP=(11.h.X)
o = azg(if‘,vz‘,xﬂ} 1
\—k Y= v 2
Y1 9ya P=(1[. 15, X) y

and Y. = +0() —Y), 35 =hH +0(3; - 12),
E=X+0x -X) for0<6<1.

On substituting g(¥, Y5, X)=R and the values of
the derivatives in (2.1), we have

- — - 1 —k > Y
R, =R+ —Yl)(?}*()’z —Yz)(—%]

2 2

= 1 — — Y,
+&X - X)go+—1 - 1)2.0+(ys -1)?| 2=
(x )&o 2!{()’1 D n-%) ( Y23J

+(X = X)?goo +207 —HNE - X)g1o

23 - H)(E - X) g

2T - —E)(—%}}

2

3
1 -0 - d - 0
+—2 )=+ )=+ -X
3!{()’1 1)8)71* (» 2)ayzx ( )ax*}
Xg(ylt‘v y;*a z:‘)
e eR
———++¢€
A7 080
1
2!

or R, —R=

2ReY .

> w2 "

{7 +€) 8oo +2€1€0810
>

- 2¢¢
+2e5¢ -

2€0820 Y2 }

1 =0 . =. 0
+— -¥Y)—+ -Y)—
3!{()’1 l)ail* (n 2)8§§

e Y a ’ * *  —%
+(x _X)ﬁ} g(Fs, Vo, X ) (2.2)

Taking expectation on both sides of (2.2) and
ignoring terms in e;’s (i = 0, 1, 2) greater than two, the
bias of f"z to the first degree of approximation {that

is, up to terms of order O(l)} is
n

E(¢) RE@&)
Y, 1A

L1 { 2RE(¢})

E(R))-R= +E(€}) g0

+E(¢; ) 800 +2E(efe5) 810

2E(efe§ }

)722

21 7

+2E (6538 )gzo -

_R[U=p g =D
YZZ n »2 n Y2(2)

LIA=f) oo [ k=DW, ,
+5{ " Sx+ " SX(Z) 800

a-=xr (k—D)W;
+{ nf Sylx + " 2 Sylx(z)}glo

+{(1—f)s L (k=DWs
n

_L{MS
1722

y2x ¥2%2) } 820

(k=D)W,
42 g
n ny n NY22)
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or Bias(ﬁ’;)

_a-f) {RSSQ 52 Sm}

" +—800 + Sy,x&10 + 5,820 — 1722

Y? 2

800 T Syx) 810

+
Nn

(k 1)N2 y2<2) S)%(z)
Y2 2

2.3)

S
1y2(2)
+Sy2x(2)g20 - Yzz }

which shows that bias of ﬁ; is of order 0(1); hence,
n

for sufficiently large value of n, the bias is negligible.

Squaring both the sides of (2.2), taking expectation
and ignoring terms in e;’s (i = 0, 1, 2) greater than two,
the mean square error of R to the first degree of

1
approximation {that is, up to terms of order 0(;) }is

% 2
ER;-R)? = E[e:l R +eog0}
> b
E(¢?)  R2E(¢) 2RE(éé; )
=t —=2- _(21 2) +E(ey )83
2 5 Y
2E(é¢))  2RE(é€))

+ __1 0 80— AS 2°0 20

h h

{(1 Dgs o k=DW: g, }
Y2

n n N2
2 ((1_ _
+1_3_ a-1 §2 4 (k—DW, 52
2 n» n ¥(2)

_Z_R{MSM +M5y1y }
2 2(2)

72
Y, n

n * n @

{(I_f)sh(k_l)wz s2 }g&

X
n N

2 (A-f) (k —D)W-
+72{ fS . 2SM2)}

(k-DW,
+ n Syzx(z) 80

y2x

_2__R{(1—f)s

)4 n

MSE(R;) = MSE(R")

(1= 1) 2 2R
+T S2gs +725y1x80 _72Sy2xgo

(k —1)W, 2
+—n Sﬁ(z) g +—= 7 S1x2 80

2R

A Siox2) go} (2.4)

yl
y2

where R* =

The optimum value of minimizing the mean
square error of R, is

o= [A] G
’ {(1 g2, k=DW> }

n n X2)

(2.5)

where 4 =

% {“ A=Ds —Rs,,)

L k=DW,

n {Sylx(z) - RSY2X(2) }}

n o ~
f= N and the minimum mean square error of and R,

is
MSE(R; ) nin = MSE(R")

2
[_ 1 {(1—f) (5.~ RS, )4 (k =)W, {SwfRSw}H
+ Lt » -

[(l—f)S§+(k—l)W’z § }
n n

X2)
2
|:l{(1 -f) {th _ RS)ZX} (k- DVVZ {Sylxm - RS)’zX(z) }}:|
2 b ! ;

[(l—f)sf GO }
n n i

=MSE(R")

L;{(l_"f) Bt (k_i)W{S -ES,,, }H
_Lb [(1_f)s3+(k‘1)WzS2 }

X
n n (2)

2.6)
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The optimum value of g; in (2.5) contains some
unknown parameters and lacks its practical utility to
attain the minimum mean square error of ﬁ; in (2.6);
hence, the alternative is to replace g, by its consistent
estimated optimum value g based on sample
observations.

From Rao (1990), the unbiased estimators of
Syixs S35 Sy, and Sf(z) are respectively given by

|:(nl Dy + {%(r—1)+

(k—l)%}

Syx = =1 Syix2)

+nWW, (% _f(’z))(yi —ﬁ(Z))}; (i=1,2)
k—-1)W.
x ( )|:(I’l1 1) { 2(7‘ 1) ( ) 2} X(Z)

+nWWs (3~ ) )2}

2( ] xl)(yzj yz)

Syiyy =~
YiX
(m =175

A

Symz) =Syixo) =

2( 2= X2)(Yij2 = Vi2y)

(r=17Z
)%1 = (”1 Z(X -x)?
5')%(2) x(z) 2( Xjy = X))

(r )iz

which when substituted in g; in (2.5) gives the
estimated optimum value

1 ]1d- o A, A k-DW, . A, A

_{( f) {S\X R S ( ) N1 R S\ X }}
N y; n N n J14(2) 2%(2)
80 =

1- A k-DW, «
[( f) oy (k=DW, ¢, }
n n X2)

=G (2.7)
where X and y_, denote the observations on the j unit

of the sub-sampling units selected from », non-
respondent units.

To attain the minimum mean square error of ﬁ;
in (2.6), the function ﬁ; =g(3,¥,x") should not only
involve (37, ¥5, X") satisfying (i) to (iv) in (1.12) but
also gy =G in (2.5), but g; =G is unknown depending
on parameters; hence, we should have the estimator as
a function I@Ze =gy, »m.x, G) depending on
estimated optimum g =G in (2.7) and find the
conditions  which  make the estimator
Ii’;e = g(3, 7, X", G) having its mean square error to
be equal to the minimum mean square error of ﬁ; in
(2.6).

Now expanding ﬁ;e = g3, . %",G) about the

point T =(¥,Y,, X,G) in Taylor’s series, we have

R;e:g(Y_i’YZayaG)+(7ik_Yl)gle+(y;_y_v2)g26
= A 1 . =
+(x —X)goe+<G—G>gge+5{<y1 ~Y g,
—1)? g0 + (T = X2 8000 + (G~ G)? 833,

- Y)gIOe

+(95

205 1 ~ 1) g +2(3 —K)(¥*

+2(35 — B)E — X)gae + 207 ~ NG -G g3,
23 )G - G) g0 +2(F = X )G~ G)gos. )
+ ... (2.8)

Similar to ﬁ; from (i) to (iii) and (2.5),
substituting in (2.8), we have

D — 57 1 Y,
Ree =R+(3 —Yl)(rjﬂ)’z Yz)( ]Jr(x -X)G
Y Y}

5 1, = 2
HG-G)gz + {1 —H)*0)+ (3, — Yz)z[ Yl}
2! v

+X = X)?gooe +(G—G)? ¢33,

200 -3 — Y2>[ j+2<y1 - - X) g0
2

~B)E - X) g + 205 )G -G)gy3,

~B)G -G g +2(X - X)(G - G)gpse )

+2(;

+2(;
+...
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ko k. ko k.
+2e1€)810. 26163813

+2e3608200 + 2263823, T 2693803, } t+..

Rey ... .
—T2+€(')G+€3'g3e +—{

1 |2Ré)

YZZ

2!

2e/e,
Y22

2.9)

where ¢ =(G-G), g(1}, 1, X,G) =R,

le -
6]

_ %6 | L
v !

82¢

Y22

_%OLBY.6) | _ %
day;

Oe

_ %G1 %.%,6)
af* T’ 3e
g (3. .%.G)
811e = £ _{22 =0’
o) -

_ 9%, 3,5, 6)
'

822¢

o P80155.7.6)
¢ ox”

ir

_82g(ﬁ‘,?’2",?,G)}
T

810e = yl*af* > 820e

g1y, = 800 %.5,6) | _
‘ Iy Iy>

g (3.5.%.6
9y, 9G

813¢ =

030 = g3, 3,%",G)
03¢ Ix9C

» 833¢ =

)] » 823¢ =
T

T

oG

_0%¢(3, 7.7 G)
G2 T’

_ %807, 3%.%,6)
0y, 0x " ’

(3. %.¥.6)
930G

i}

Taking expectation on both sides of (2.9), and
ignoring terms in e,’s greater than two, the bias of Ii’;e

1
to the first degree of approximation is of order O o ;

hence, for sufficiently large value of n, the bias is
negligible.

The mean square error of ﬁze given by
E(Ii’; —R)? to the first degree of approximation is

2
a N R 3 5 %
MSE(R.,)=E {;:1 -9 L Gt g, }
> L
& R 2Red . 2 2Gepe;
=Ei L +—=2 - 21 G+ gl =
oy % n

G g5, + 261 & g — 2RC_;eOe2 B 2sze3

h h h

g3e}

For g;, =0, MSE (I%;e) becomes

% * 2

A e Re, .
MSE(R =FE{i=———"-%+¢G
( ge) {Y % 0 }

2 2
52
€
=FE{—+
YZ2

= MSE(R")

2
[_ yé {(1 N, S, RS, )+ (k-Dw, (S, ~ RS, }H
> n n

[(l—f)5§+(k—1)""z 5 }

X
n n 2

2
{S.le(2> - RS.VZX(2> }}:|

[(l—ﬁsf L k=D }
X2)

2 2 % %
R°e;  2Ree,

+elG? +
R

Y, Y,

2Geye;  2RGeye,
7 —

+

|:l{(1_f) {Sm _RS.sz} + (k=
2 Y, n n

n n

= MSE(R")

{l{a—n{sw_m J (= DW,
Y, n ’ n

Yo X

2
{S}'IX(Z) - RS)’ZX(Z) }}:|

[(1‘f)s3+("‘1)% g J

X
n n @

(2.10)
which is equal to MSE(Iéz Ymin 10 (2.6) if g5, =0. Thus,

the estimator Ié;e:g()_q*,ﬁ,)?*,é) attains the
minimum mean square error of R, in (2.6) if
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Ii’;e =g(3, 7, %", G) is based on estimated optimum
G satisfying at the point T=(I7,I72,)?,G), the

following conditions

¢(4,%,X,G)=R

ag()’l,b’x G 1
le — Y
ag(yl,yz,x G)}
gle
2.11)
o ag(yl,y_z*,x G)} G
ox

3e

oG

_ 020, X ,G)lzo

3. SOME PARTICULAR ESTIMATORS
DEPENDING ON ESTIMATED OPTIMUM

_W(X+L)
W& +L)
of Khare and Srivastava (1997),

_ a{ﬁ(ﬂm/%(fwm}}
X' (555

which when substituted in (2.4), we get from the

(a) For the estimator R1 = on lines

we have

R
(X +L)

general expression for mean square error of R, to be

2
R R -R
MSE(R)=MSE(R")+| =
(R) (R) (X+LJ

; {(l—f)52+<k—1)Wz g }
no n 2

2 R O\ [d-p)
z(mLH P

L (k=DN,
Nn

-RS,,.}

{Sywz) - RSsza) }:l

which is the same result as on lines of Khare and
Srivastava (1997) as a special case of the general result

Also, for the

A R
in (2.4) of R, for go=—(i+L).

optimum value in (2.5) g =— T+D

| 189
k—1)W,
W=D (s ks, }H
n ) Rl n M1M2) 1242)

- {(1—f) (k- >QSQ}
n n 2

= 3.1

gives the optimum value of L to be
1- k—DW,
{( f)53+< W, }R

L - n : n *2) -1
o 1 fa- k-DW,

—:{( Dis, —rs g+ S0 g ~RS,, }}

}/; n Rel 22 n J1H2) J2°42)
- 2% (32)
o .

and the minimum mean square error of R} as a special
case of the general MSE(Rg) in (2.6) to be

min

MSE(R) = MSE(R’)

2
71 {(l_f){S”—RSMH(k_D 2{va -RS, . }}
2 W ¥ nx2) 72N

n n
{(1—f)53 LU= OW }
n n )

as on lines of Khare and Srivastava (1997).
Considering the estimated optimum value

L =_R_A_)f=_ N — X, we get the estimator
opt
G y2G

depending on estimated optimum value LU to be

D _ yl*()?-l_iopt)
Y2 (X" + Lop)

satisfying the conditions of Ié;‘je =g¢(3,7%.x°,G) in

(2.11), since

R, at (%,1%,X,G)

_ _ _
{ﬁj /{Iﬁ—(f—)?)c}:E:R
h h n
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8le

Ny H[Ej—(‘“ X)G}zy1 {5 }
:aRfe} _ LU > n |\ »
T

e

y
. 2
{(ﬁj—(f*—)?)é}
» r

H( _Xj (_"—X)G}(O)+(y1 ](x )?)}

B 2 Y2
= 2
[

» T

2
hence, the estimator R}, —( )_)1 ] / { Y
» V>

depending on estimated optimum value attains the
minimum mean square error in (2.10) given by

—(x* - )?)é}

MSE(R},)pin = MSE(R")

2

{(1—f>5§+<k—1)wz ¢ }
n n 2

["q ]
oo =-1
il X ), we have

(b) For the estimator ﬂ=_—e

K

Y2

:R:(i-lJa(;):az
X
(1.7, X)

which when substituted in (2.4), we get directly the

-
. -1
mean square error of the estimator R —y—l H( ] to

)’2
be
MSE(R,)
—MSE(R)+0!2X { =) S2 + (k :WZ Sfm}
(-1 3
2172 < { .—RS,.}
L k=DW

{Symz) _RS)’ZX(Z) }}‘

Minimizing value of g is

n

g*_aR
"7 x
1 1d-7 k—-DW,
[__{( j){SM _RSV/\}+( ) ’ {va _RSVX }}}
_ Y, n ! 72 " N¥2) ¥2%2)
{(l—f) (k=DW, , }
n n @
=G

giving & = G?X which when substituted in (2.6), gives
the minimum mean square error of I?Z to be
MSE(R;) = MSE(R')

~ >
S, RS, }H
(k =)W,

{(1_f)S§+ - SQ}
n n @

Now, considering the estimated optimum value

YR (Va ) A . . Gy .
g(’;za_RZ N V_G giving &= )izx which
X" »x* N
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|1m

gives the estimator depending on estimated optimum

— G x*_l)
value to be RZe:)_)—l*e wox satisfying the
Y2
conditions
_, Gpx(x _
(i) Lo v %) 5 g
)’2 o )6
(h.1,X.,6)
(ii)
@i, —s A—w—se [ —%
8le=¢€ i [)? 1}{_{_{% x__l +_ih
Y2 W X ¥ _
(1.1,X.,G)
1
5
(iii)
Gnx | x N .
R (X_IJ woxX (X ) W
820 =€ — — =-—1 —2
» o\ X Vs B
(A.1.X,G)
_n
Y22
(IV) 80e _X_{ke woX {Gz—i 2—-1 }
Y2 M o
1.5.X.G)
and
—k G?fx*(x* IJ ——k —k
V) gD 5 3 {y_ L_l}
» no X o
— 0 (1 2’X’G)

of (2.11); hence, the estimator I%Ze = e M
}’2

with estimated optimum G in (2.7) attains the
minimum mean square error in (2.10) given by

MSE(ﬁe )min = MSE(R*)

2
1[a-r) (k=DW,
[)72{ . {8y = RS} + N Z{Sm(z)_RSyZX(Z) }H
{(1—f)53+(k—1)Wz 5 } '
n n X2)

yl +0((x —X)
»
—)?)/75}} _a

(c) For the estimator Rg , we have

oy +ax
- J_—
o (7.7.%)
substituted in (2.4), we get from the general expression
for mean square error of ﬁ; to be

which when

MSE(R}) = MSE(R")

+[ J {(1 f) g2, k=DW, }

Y, n n *2)
=g _

+1§(1']{ «— RS}

(k-1)N.
N—Z{Syvf(z) Ssz(2) }}

which is the same result as the mean square error of
R;. Also, for the optimum value in (2.5)

11— k —1)W;
|:_}72{( nf) {Snx - RSyzx} + %{SWM) - RSYZX(D }}
- {(1-f>sf+<k—1>wz P }
n n X2)

=G

gives the same optimum value of « to be

a,

opt
1-f) (k=DW:
~ |:_{ n {Sylx _Rszx} " — {Swa(z) _RSYZXO) }}i|
F—n$+w—m%y }
n n 2)
=GY,

and the same minimum mean square error of R as a

special case of the general MSE(IAQE )min 1N (2.6) to be
MSE(R}) = MSE(R")

2
1 [a-1) (k—DW;
|:I72{ N {Sm - RSyzx}"'Tz{SMz) - RSW(Z) }H
{(1—f)53+(k—1)Wz 5 }
n n X(2)
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Considering the estimated optimum value

A
A

a, =Gy,, we get the estimator depending on

estimated optimum value &,, to be
I’é* _ )_)1*+0A[opt(x*_x)
8e — —
Y2
N +Gy, ()?* -X )

»

=1L 6 -X)
Y2

satisfying the conditions of R}, =g¢(5,7,%,G) in
(2.11), since

R, at (1,4, X,G)=R+G(X-X)=R

aRge _ __1>:< _ _E
82¢ = | 2 =
9y, Ir p) 2
oR;, A
=8¢\ G| =G
80e axx :|T
Ir
ok,
g —-—= | = 0,
3e oG I
hence, the estimator R :w depending
Y2

on estimated optimum value attains the minimum mean
square error in (2.10) given by

MSE(R;))min = MSE(R")

2

Y, n n

{(l—f)&g LW, o }
n *2)

n

s WX
. . . w_ N
(d) For the conventional ratio estimator Ro = 2T on
)

the lines of Hansen and Hurwitz (1946), we have

R
80="% which when substituted in (2.4), we get the

mean square error of R? as a special case of R, to be

MSE(R;) :MSE(ﬁ*)+{(1_f) S2+ (k—1D)W, 52 } "
n n X2)

R -
7 2 {(l—nf){sylx ~RS,,.)

(k—1N, R
+T{SW€(2) - RSyzx(z) ) 172_)?

It may be mentioned here that ﬁg‘ cannot attain the
minimum mean square error since R; does not satisfy
the conditions of G or G.

() All the results of the remaining estimators R, R;
and ﬁ; to I?;‘ may be easily obtained as special cases
of the general results given in (2.4), (2.5), (2.6) and
(2.10) as are found in (a), (b) and (c).
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